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Abstract. In this paper we introduce a geometric description of Lagrangian and Hamil- 
tonian classical field theories on Lie algebroids in the framework of fc-symplectic geome- 
try. We discuss the relation between Lagrangian and Hamiltonian descriptions through 
a convenient notion of Legendre transformation. The theory is a natural generalization 
of the standard one; in addition, other interesting examples are studied, in particular, 
' systems with symmetry and Poisson sigma models. 
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1. Introduction 

The notion of Lie algebroid is a generalization of both the concept of a Lie algebra and 
the concept of an integrable distribution. The idea of using Lie algebroids in Mechanics is 
due to A. Weinstein [47J . He introduced a new geometric framework for the description of 
Lagrangian Mechanics. His formulation allows us to describe geometrically, in a unified 
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way, different types of dynamical systems; such as those whose lagrangian systems whose 
phase spaces are Lie groups, Lie algebras, cartesian products of manifolds or quotient 
manifolds (as it happens, for instance, in the reduction theory, where the reduced phase 
spaces are not, in general, tangent or cotangent bundles). This approach was followed 
and completed by other authors in order to study different kinds of problems concerning 
mechanical systems (a good survey on this subject is [19]). 

In this paper we will study an extension of mechanics on Lie algebroids to classical 
field theories. Classical field theories on Lie algebroids have already been studied in the 
literature. For instance, the multisymplectic formalism on Lie algebroids was presented 
in [321 [33] . In [45] a geometric framework for discrete field theories on Lie groupoids has 
been discussed. 

The multisymplectic formalism was developed by Tulczyjews school in Warsaw (see, for 
instance, [T7]). and independently by Garcia and Perez- Rendon [TQl [TT] and Goldschmidt 
and Sternberg [T2]. This approach was revised, among others, by Martin [28, 29J and 
Gotay et al [33] and, more recently, by Cantrijn et al [9]. 

An alternative way to derive certain types of the field equations is to use the Giinther (k- 
symplectic) formalism. The fc-symplectic formalism is the generalization to field theories 
of the standard symplectic formalism in Mechanics, which is the geometric framework for 
describing autonomous dynamical systems. In this sense, the fc-symplectic formalism is 
used to give a geometric description of certain kinds of field theories: in a local description, 
those theories whose Lagrangian and Hamiltonian do not depend on the base coordinates, 
denoted by (t 1 , . . . ,t k ) (in many of the cases defining the space-time coordinates); that 
is, the fc-symplectic formalism is only valid for Lagrangians L(g l ,t>^) and Hamiltonians 
H(q\pf) that depend on the field coordinates q % and on the partial derivatives of the 
field v l A , or the corresponding moment pf . To treat with that general situation we need 
to extend the formalism using fc-cosymplectic geometry, see [24"1 [25] . 

Giinther's paper [14J gave a geometric Hamiltonian formalism for field theories. The 
crucial device is the introduction of a vector-valued generalization of a symplectic form, 
called a polysymplectic form. One of the advantages of this formalism is that one only 
needs the tangent and cotangent bundle of a manifold to develop it. In [3E] Giinther's 
formalism has been revised and clarified. It has been shown that the polysymplectic 
structures used by Giinther to develop his formalism could be replaced by the fc-symplectic 
structures defined independently by Awane [21 13], L. K. Norris [311 S3 ES, EH1 HO] and 
de Leon et al. [201 [22] . So this formalism is also called fc-symplectic formalism (see also 

[2BE3]). 

The purpose of this paper is to give a fc-symplectic setting to first-order classical field 
theories on Lie algebroids. In the fc-symplectic setting we will present a geometric de- 
scription of Lagrangian and Hamiltonian classical field theories on Lie algebroids and we 
will find the relation between the solutions of both formalism when the Lagrangian is 
hyperregular. 

The organization of the paper is as follows. In section 2 we recall some basic elements 
from the fc-symplectic approach to first order classical field theories. In section 3 we 
recall some basic facts about Lie algebroids an the differential geometry associated to 
them. In this section we also describe a particular example of Lie algebroid, called the 
prolongation of a Lie algebroid over a fibration. This Lie algebroid will be necessary for 
the further developments. In section 4 the /c-symplectic formalism is extended to the 
setting of Lie algebroids. The subsection 4.1 describe the Lagrangian approach and the 
subsection 4.2 describe the Hamiltonian approach. These formalism are developed in an 
analogous way to the standard /c-symplectic Lagrangian and Hamiltonian formalism. We 
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finish this section defining the Legendre transformation on the context of Lie algebroids 
and we establish the equivalence between both formalism, Lagrangian and Hamiltonian, 
when the Lagrangian function is hyperregular. In section 5 we show some examples where 
the theory can be applied to the Poisson-Sigma model or first order field theories with 
symmetries. 

All manifolds and maps are C°°. Sum over crossed repeated indices is understood. 
Along this paper one fc-tuple of elements will be denoted by a bold symbol. 

2. Geometric preliminaries 

In this section we recall some basic elements from the fc-symplectic approach to classical 
field theories. The contents of this section can be found in [TH [36], HI]. 

2.1. The tangent bundle of /^-velocities of a manifold. Let tq : TQ — > Q be the 

tangent bundle of Q, where Q is as n-dimensional differentiable manifold. Let us denote by 
TlQ the Whitney sum TQ@ ®TQ of k copies of TQ, with projection Tq : T^Q — > Q, 
T^(v lq , v kq ) = q, where v Aq G T q Q, A = 1, . . . , k. 

TlQ can be identified with the manifold Jo(K fc , Q) of k 1 -velocities of Q, that is, 1-jets 
of maps cr : M fc — > Q with source at 6 E fc , say 



4{R k ,Q) = TQ@.H.@TQ 

7 

d 



jo,q* = l U l?> " " • ) V kq) 



-dt A 



where q = cr(0), and va q = cr *(0)(Tr-j ). Here (t 1 , . . . ,t h ) denote the standard coordi- 



o 



nates on M fc . T\Q is called the tangent bundle oj ' k 1 -velocities of Q (see 

If {q l ) are local coordinates on U C Q then the induced local coordinates (q % , v l 
1 < i < n, on TU = Tq 1 (?7) are expressed by 



<l i {v q ) = q i (q), v\v q ) =v q {q l ) 



and the induced local coordinates 1 < i < n, 1 < A < k, on T^U = (rA) 



are given by 

q\v lq , . . . , v kq ) = q % (q), v l A (v lq , . . . , v kq ) = v Aq (q l ) . 

Let / : M — > iV be a differentiable map, then the induced map T£/ : T\M — > T^A^ 
defined by T k x f{j\o) = j^(f o a) is called the canonical prolongation of /. Observe that 
from its definition: 

T kf( V lq,'--i V kq) = (f*(l)(Vlq), ■ ■ ■ , f*(q)(Vkq)) , 

where T q Q, q eQ. 

2.2. fc-vector fields and integral sections. Let M be an arbitrary manifold. 

Definition 2.1. A section X : M — > T^M of the projection will be called a fc-vector 
field on M. 

Since T\M is the Whitney sum TM@ . h . . @TM of k copies of TM, we deduce that to 
give a k- vector field X is equivalent to give a family of k vector fields X\ , . . . , X k on M 
obtained by projecting X on each factor. For this reason we will denote a fc-vector field 

by X =(*!,... ,X fc )- 
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Definition 2.2. An integral section of the k -vector field X = (X ± , . . . , X k ), passing 
through a point x G M, is a map ip: U C R fe — > M, defined on some neighborhood 
U of'0eR k , such that 

V>(0) = x, V*(t) (4a J = ^(^(t)) , for every t e U , 1 < A < k 



dt A 

or, equivalently, ip satisfies that X o ip — where if)^ is the first prolongation of i[) to 
TlM defined by 

: U CR k — ► TlM 

t - ^ ( t)= J >,.( W t)(A| t ) «t)(^| t )), 

where V't(s) = ^(t + s). 

^4 k-vector field X = (Xx, . . . , X fc ) on M is said to be integrable if there is an integral 
section passing through every point of M. 

Remark 2.3. In the /c-symplectic formalism, the solutions of the field equations are 
described as the integral sections of some k- vector fields. Observe that, in the case k — 1, 
this definition coincides with the classical definition of integral curve of a vector field, o 

In a local coordinate system, if ip(t) = (ip % (t)) then one has 

(2.1) V (1) (t) = (V (t), , l<A<k,l<t<n, 

and ip is an integral section of (X 1 , . . . , X k ) if and only if the following equations holds: 

(2.2) ^r = *W l<A<k,l<t<n, 
. d 

being X A = X\—. 

2.3. The cotangent bundle of /c 1 -covelocities of a manifold. Let Q be a differen- 
tiable manifold of dimension n and ttq : T*Q — > Q its cotangent bundle. Denote by 
{T k )*Q = T*Q@ ■ k ■ ®T*Q the Whitney sum of T*Q with itself k times, with projection 
map Ti k Q : (T fc x )*Q -> Q, n^{a lq , a kq ) = q. 

Observe that the manifold (T k )*Q can be canonically identified with the vector bundle 
J l (Q, R fc )o of /c 1 -covelocities of the manifold Q, the manifold of 1-jets of maps a: Q — > R fc 
with target at G R fe and projection map tiq\ J 1 (Q,lR fc )o — > <5, TTgOgo ") = 9! that i s > 

J^R^o = T*Q® k .®T*Q 
= (^i(g),...,^(g)) 

where cr^ = pr^ o <r : Q — ► R is the A-th component of a, and pr A : R fe — > R are the 
canonical projections, 1 < A < fc. For this reason, (Tl)*Q is also called tie bundle of 
k 1 -covelocities of the manifold Q. 

If ((f) are local coordinates on U Q Q, then the induced local coordinates (q l ,Pi), 
1 < i < n, on T*£7 = (7Tq)~ 1 (?7), are given by 
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and the induced local coordinates (q l ,pf), 1 < i < n, 1 < A < k, on (T^)*U = (ttq) 1 (U) 
are 



q\a lq , a kq ) = q\q), pf (a lq , a kq ) = a Aq 




We can endow {T k l )*Q with a fc-symplectic structure given by the family (oj l , . . . , 
u k ;V = ker Ttcq) where each u A is the 2-form given by 

u A = (^ A )*u Q , 1 < A < k , 

being tt^ A : {T^)*Q -> T*Q the canonical projection onto the A^-copy T*G; of (T fc 1 )*g 
and ujq is the canonical sympletic form on T*Q. Therefore, in local coordinates, we have 
co A = dq i A dpf. (See El HSU HI]) 



3. Lie algebroids 



In this section we present some basic facts on Lie algebroids, including results from 
the associated differential calculus and Lie algebroids morphisms, that will be necessary 
for the further developments. We refer the reader to [U US, EH [27] for details about Lie 
groupoids, Lie algebroids and their role in differential geometry. 

3.1. Lie algebroid: definition. Let E be a vector bundle of rank m over a manifold 
Q of dimension n and r : E — > Q be the vector bundle projection. Denoted by Sec(£7) 
the G°°(G;)-module of sections of r : E — > Q. A Lie algebroid structure ({-,-}e,Pe) on 
E is a Lie bracket [•, : Sec(-E) x Sec(_E) — > Sec(i?) on the space Sec(-E'), together 
with a bundle map pe '■ E — » TQ, called i/ie anchor map, such that if we also denote by 
p# : Sec(-E) — > the homomorphism of the C°°(Q)-modules induced by the anchor 

map then it is satisfied the following compatibility condition 

[oi, = fieri, u 2 ]e + (pE(o- 1 )f)a 2 . 

Here / is a smooth function on Q, ai,a 2 are sections of E and we have denoted by 
p E (o-i) the vector field on Q given by p E (cri)(q) = p E (cri(q)). The triple (E, [-, -Js^s) is 
called a Lze algebroid over Q. From the compatibility condition and the Jacobi identity, 
it follows that the anchor map pe '■ Sec(E) —>■ X(Q) is a homomorphism between the Lie 
algebras (Sec(E), [-, -] E ) and [■, ■]). 

Some examples of Lie algebroids over Q are: 

(i) Real Lie algebras of finite dimension. Let g be a real Lie algebra of finite 
dimension. Then, it is clear that g is a Lie algebroid over a single point. 

(ii) The tangent bundle. Let TQ be the tangent bundle of a manifold Q. Then, 
the triple {TQ, [-, -],idTQ) is a Lie algebroid over Q, where idxQ '■ TQ — ► TQ is 
the identity map. 

(iii) Another interesting example of a Lie algebroid may be constructed as follows. 
Let ii : P — > Q be a principal bundle with structural group G. Denote by 
$ : G x P -> P the free action of G on P and by T$ : G x TP -> TP the 
tangent action of G on TP. Then, one may consider the quotient vector bundle 
Tp| G : TP jG — > <5 = P/G and the sections of this vector bundle may be identified 
with the vector fields on P which are invariant under the action $. Using that 
every G-invariant vector field on P is 7r-projectable and the fact that the standard 
Lie bracket on vector fields is closed with respect to G-invariant vector fields, we 
can induce a Lie algebroid structure on TP/G. The resultant Lie algebroid is 
called the Atiyah (gauge) algebroid associated with the principal bundle 
7T : P -> Q (see pHEEJ). 
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Along this paper, the Lie algebroid will play the role of a substitute of the tangent 
bundle of Q. In this way, one regards an element e of E as a generalized velocity, and the 
actual velocity v is obtained when we apply the anchor map to e, i.e. v = pe(e). 

Let (q l )2 = i be local coordinates on Q and {e a }i< a < m be a local basis of sections of r. 
Given e G E such that r(e) = q, we can write e = y a (e)e a (q) G E q , thus the coordinates 
of e are (q l (e) , y a (e)) . Therefore, each section a is locally given by cr| = y a e a . 

In local form, the Lie algebroid structure is determined by a set of local functions 
Pai ^1/3 on Q- They are determined by the relations 

■ d 

(3-1) p E (e a ) = p l a —, [e a , e p j E = C^e 7 . 

The functions p l a and Gig are called the structure functions of the Lie algebroid in the 
above coordinate system. They satisfy the following relations (as a consequence of the 
compatibility condition and Jacobi's identity): 

(^) £ (^ + « 7 )=o , ^M_^M = ^, 

which are usually called t/ie structure equations of the Lie algebroid £7. 

3.2. Exterior differential. The structure of Lie algebroid on E allows us to define the 
exterior differential of E, d E : Sec(/\ / E*) — > Sec(/\' +1 E*), as follows 

i+i 

d E p{ai, . . . ,07+1) = ^(-l) l+ Vs(o-i)^(o-i,--- ,'?i,---,c r i+i) 

(3.3) *=i 

+ ^(-l)* + V(ki>crj]E 1 C r l>--- 1 ( 7i ; --- ) ^ 1 --- cr «+l) i 

for /i G Sec(A E*) and o"i, . . . , <T/ + i G Sec(-E). It follows that d E is a cohomology operator, 
that is, {d E ) 2 = 0. 

In particular, if / : Q — » K. is a real smooth function then d E f(a) = Pb(ct)/, for 
(j G Sec(-E'). Locally, the exterior differential is determined by 

A' = pie« and dV = A ^ , 

where {e a } is the dual basis of {e Q }. 

The usual Cartan calculus extends to the case of Lie algebroids: for every section a of 
E we have a derivation % a (contraction) of degree —1 and a derivation L a = i a o d + d o % a 
(Lie derivative) of degree (for more details, see [26, 27J). 

3.3. Morphisms. Let (-©,[•, -]e, Pe) and (-£",[•, -]e', Pe') be two Lie algebroids over Q 
and Q' respectively, and suppose that $ = ($,$) is a vector bundle map, that is $ : E — ► 
i?' is a fiberwise linear map over $ : Q — >• Q'. The pair ($, $) is said to be a Lie algebroid 
morphism if 

(3.4) d B ($V) = $*(d £ V') , for all a' G Sec(A'(£')*) and for all I. 

Here $*cr' is the section of the vector bundle f\ l E* — >• Q defined (for / > 0) by 

(3.5) ($V) ff (ei, . . . , e,) = 4 (9) ($(ei), . . . , ¥(e,)) , 
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for q G Q and e 1; . . . , ei G E q . In particular when Q = Q' and <j> = idq then (13.41) holds if 
and only if 

[$ o cri, $ o cr 2 ] £ / = $[cri,o- 2 lE, Pb'($o(t) =p E (cr), for cr, <7i,ct 2 G Sec(E) . 

Let (g*) be a local coordinate system on Q and ((f) a local coordinate system on Q'. 
Let {e Q } and {e^} be a local basis of section of E and £7', respectively, and {e a } and {e a } 
their dual basis, respectively. The vector bundle map $ is determined by the relations 
$*(f = and $*e a = 0^e^ for certain local functions <p l and 0^ on Q. In this 

coordinate system $ = ($, $) is a Lie algebroids morphism if and only if 



(3-6) (p B Y a j$ = . 



In these expressions (p_b)q,C^ 7 are the structure functions on E 1 , and (pp')^,C|_ are the 
structure functions on P". 

3.4. The prolongation of a Lie algebroid over a fibration. (See [HI HS1 HS1 EO] ) • In 

this subsection we describe a particular example of Lie algebroid which will be necessary 
for the further developments. 

Let (E, [•, -} E , p E ) be a Lie algebroid over a manifold Q and n : P — > Q be a fibration. 
We consider the subset of P x TP 

7 E P = {( e , u p ) eE q x T P P | pp(e) = T p n(v p )} , 

where T7r : TP — » TQ is the tangent map to 7r , p G P and 7r(p) = g. 

T^p = (J j^p 

peP 

is a vector bundle over P with projection t> : T £ P — ► P given by 

Tp(e,v p ) = T P (v p ) = p, 

being Tp : TP — > P the canonical projection. 

Next, we will see that it is possible to induce a Lie algebroid structure on t p : 7 E P — > P. 
The anchor map p n is given as follows: p w : T B P — > TP, p n (e,v p ) = v p . 

In order to introduce a Lie bracket on Sec(7 E P), the set of sections of Tp, we first 
consider a local basis of Sec(7 E P). 

Given local coordinates (q l ,u e ) on P and a local basis {e a } of sections of E, we can 
define a local basis {X a , V^} of sections of Tp : T £ P — ► P by 



(3.7) X a (p) = (e Q (vr(p));p^(7r(p))— ) and V £ (p) = (0 w(p) ; ^ 



' <9(f 



5 



If z = (e, f p ) is an element of 7 E P, with e = ^e^, then t> p is of the form v p 



J, 7 a _d_ 

Ha' 6 d q i 



, and we can write 

z = z a X a (p)+v e V e (p). 



The anchor map p 71 " applied to a section Z of 7 E P with local expression Z = Z a X a + 
V Vi is the vector field on P whose coordinate expression is 

(3.8) P *(Z) = p^A + V 1 A G X(P) . 
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Now, we will introduce a Lie bracket structure on the space of sections of 7 E P. For 
that, we say that a section Z of 7 E P is projectable if there exists a section a of r: E — > Q 
and a vector field X G 3C(P), which is 7r-projectable to the vector field p(a) and such that 
Z{p) = (a(n(p)),X(p)), for all p G P. For such a projectable section Z, we will use the 
following notation Z = (a,X). It is easy to prove that one may choose a local basis of 
projectable sections of the space Sec(T B P). 

The Lie bracket of two projectable sections Z = (cr, X) and Z' = (cr', X') is then given 

by 

(3.9) {Z,Z'fip) = (lcr,cr'j E (q), [X,X'](p)), p G P, q = n(p) . 

Since any section of 7 E P can be locally written as a linear combination of projectable sec- 
tions, the definition of the Lie bracket for arbitrary sections of 7 E P follows. In particular, 
the Lie bracket of the elements of the local basis {X a ,Vi} of Sec(7 E P) is characterized 
by the following expressions 

(3.10) [x Q ,x^f = e^x 7 [x Q ,v € f = o [v £ ,v„f = o, 

and, therefore, the exterior differential is determined by 

(3.11) rf TBp x^ = --eyc^x*, <f Ep v l = o 

where {X a , V 1 } is the dual basis to {X a , Vi}. 

The Lie algebroid 7 E P is called the prolongation of the Lie algebroid E over the fibration 
7i : P — ► Q. This Lie algebroid is very important in the fc-symplectic formalism on Lie 
algebroids as we will see in the following section. 

4. Classical Field Theories on Lie algebroids: /c-symplectic approach 

In this section, the fc-symplectic formalism for first order classical field theories (see 
[HI [Ml E]) is extended to the setting of Lie algebroids. Thinking on a Lie algebroid E as 
a generalization of the tangent bundle of Q, we define the analog of the concept of field 
solution to the field equations and we study the analog of the geometric structures of the 
standard fc-symplectic formalism. 

In this section we will develop the Lagrangian and Hamiltonian fc-symplectic formalism 
on Lie algebroids (see subsections 14.11 and 14. 2p . Moreover, we also describe the standard 
Lagrangian and Hamiltonian /c-symplectic formalism as a particular case of the formalism 
developed here. 

Along this section we consider a Lie algebroid (E, [-, -}e,Pe) on the manifold Q. We 
note this Lie algebroid by E. 

4.1. Lagrangian formalism. 

k 

4.1.1. The manifold © E. The standard fc-symplectic Lagrangian formalism is developed 
on the bundle of /^-velocities of Q, T^Q, that is the Whitney sum of k copies of TQ. Since 
we are thinking on a Lie algebroid E as a substitute of the tangent bundle, its natural to 
think that in this situation, the analog of the bundle of /^-velocities T\Q is the Whitney 
sum of k copies of the algebroid E. 

We denote by 

® E = E@ A (BE, 
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the Whitney sum of k copies of the vector bundle E, with projection map 

k 

t:®E^Q, 

given by r(e lq , . . . , e kq ) = q. 

If {q l ,y a ) are local coordinates on r _1 (£7) C E, then the induced local coordinates 

{q % tVa) on r \U) ^© E are given by 

Q l (e lq , e kq ) = q\q) , y%e Xq , e kq ) = y a {e Aq ) . 

Remark 4.1. Consider the standard case where E = TQ, ptq = id-TQ- If we fix local 
coordinates (q l ) on Q, then we have the natural basis of Sec(TQ) = £{Q) given by 
d ~] n 

— - > . For this basis of section, obviously we have that GZa = 0: moreover, the set 
dq l j i=1 aP 

k 

Sec (© TQ) = Sec (T k Q) is the set X (Q) of k- vectors fields on Q. o 

4.1.2. The Lagragian prolongation. For the description of the Lagrangian /c-symplectic 
formalism on lie algebroids we consider the prolongation of a Lie algebroid E over the 

fibration r: © E — > Q, that is, (see Section | 



(4.1) 7 E (® E) = {(e q , v hq ) e E x T(© E)/ p E (e q ) = Tr(v hq )} , 

k 

where b g Gffi E q . Taking into account the description of the prolongation 7 P (see for 
instance, [HI EE ED]) on the particular case P = E@ @E we obtain: 

fc k k 

(i) 7 h {@ E) = E x TQ T(© E) is a Lie algebroid over © E with projection 

r* : 7 E {@ E)=E x TQ T(© £) — >© £ 
and Lie algebroid structure ([•, •] r ,p T ) where the anchor map 

p ? = E x TQ T(© £) : 7 E (® E) -> T(© £) 

is the canonical projection over the second factor. 

We will refer to this particular Lie algebroid as the Lagrangian prolongation. 

k 

(ii) If (q^y'X) denotes a local coordinate system of © E then the induced local coor- 

k k 
dinate system on T (© E) = E x T q T(© £") is given by 

/ i cm. ol ol\ 

[Q ) VAi Z ) ' tW Ajl<i<n, l<A<fc, l<a<m 

where 

^ ^(e 9 ,w b J = <t(q) , yftevVbJ = y%(b q ) , 

2°(e g ,Vb g ) = 2/ a (e g ) , w2(e„Vb ? ) = v^y'X) . 

(iii) The set {X a , V^} given by 

X Q : © — > T s (©£) = Ex TQ T{®E) 

d 

b q ^ X a (b 9 ) = (e a (g);p J Q (g) — 

V^: ©£ -> 7 E (®E) = Ex TQ T{®E) 
K - V>,) = (0 S ; ^ 



(4.3) 
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k _ 

is a local basis of Sec(7 (© E)) the set of sections of r k . (See (EI 

k k 

(iv) The anchor map p T : T (ffi i?) — > T(© E) allows us to associate a vector field to 

k k k 

each section £: © £ -> T £ (ffi E) = E x TQ T(© £?) of r fc . 
Locally, if £ writes as follows: 

£ = rX Q + a^eSec(T £ (© £?)) 
then the associated vector field has the following local expression, see (13.81) . 

(4-4) /(0 = /ir^+a^ 

(v) The Lie bracket of two sections of r fe is characterized by the following expressions 
(see dSIUD): 

(4.5) [x Q , x# = e^x 7 pc aj vf] ? = o r^,vff = o, 

(vi) If {X a , V^} i s the dual basis of {X a , V^}, then the exterior differential is locally 
given by, (see (13.111) ). 

<f E ^f = p ^X a + ^V a A , for all feGT(®E) 

(4.6) k fQ 

fc 

Remark 4.2. In the particular case E = TQ the manifold 7 (ffi -E 1 ) turns into T(T fc Q). 
In fact, in this case we consider the prolongation of TQ over Tq : T^Q ~~ > Q- Thus from 
(14. ip we obtain 

7 TQ (®TQ)=7 TQ (TlQ) 
(47) = {(u q ,v Wq ) eTQ xT(T^Q)/u q = T(r^)(v Wq )} 

= {{T{T k Q ){v^),v Wq )eTQxT{TlQ)/w q eTlQ} 

= K, e w 9 g rig} = t(tIq) 



k 

4.1.3. T/ie Liouville sections and the vertical endomorphism. On T (© i?) we are going 
to define two families of canonical objects: Liouville sections and vertical endomorphism 
which corresponds with the Liouville vector fields and the k-tangent structure on T^Q, 
when we consider the particular case E = TQ. (See [TH [361 E])- 

k k 

Vertical A-lift. (See, for instance [8]). An element (e ? ,f b J of 7 E {® E) = Ex TQ T(@ E) 
is said to be vertical if 

(4.8) r 1 (e q ,v hq ) = q EE, 

where 

n: 7 E (@E)=Ex TQ T(®E) -> £, 

(e 9 ,«b,) ^ n(e ? ,Vb,) = e, 
fe 

is the projection on the first factor E of T (© £j. 
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The above definition implies that the vertical elements of 7 E (® E) are of the form 



(0„ v hq ) G 7 E (® E) = E x TQ T(© E) 

k k 

where v hq G T(© E) and h q G© E. 

fc 

Now, taking into account the definition (14. ip . which determines the elements of T (© 
E), the condition (14.81) means that 

q = T hq r(v hq ) , 
that is, the tangent vector t> bg is r-vertical. 

k k 

In a local coordinate system (q\y'X) on © if (e q ,vu) G T (© E) is vertical then 



e g = q and 



<9 



dy a A 



eT hq (®E). 



Definition 4.3. For each A = 1, . . . , k we call the vertical A th -lifting map to the mapping 



(4.9) 



£ v * :Ex Q {®E) — > 7 E {® E) = E x TQ T(© E) 



(e g ,b g ) 



^(e„b,) = (o 



where e q EE, h q = . . . , Gffi -E and i/ie vector (e q ) h A G T bq (© i?) zs given by 

d 



(4.10) 



f 



ds 



s=0 



f(bi q , ...,b Aq + se q , b kq ) , 1 < A < k 



for an arbitrary function f G C°°(© E). 

From (14.101) we deduce that the local expression of (e q ) h A is the following: 



(4.11) 



(e q ) 



Va „.u 







GT b 



E) , 1 < A < k . 



On ( 14.111) let us observe that the vector (e g ) b ^ G T b? (© E) is r-vertical. Then 

£, VA (e q) h q ) is a vertical element of 7 E {@ E). 

From (14.31) . (14.91) and (14.111) we obtain that ^ Va has the following local expression: 

(4.12) Z VA (e q ,b q ) = (0 q ,y a (e q ° 



y Q (e q )v*(h 



1 < A < k 



Remark 4.4. 



(i) In the standard case, that is, when E = TQ and ptq = idxQ, we have that given 
e q G T q Q and v 9 = (v lq} . . . , v kq ) G T£Q one has 

f{v x , ...,v A q + se q ,...,v k J , 1<A<£; 



3 )Va 
'97 v 



(f) 



ds 



s=0 



that is, the A th - vertical lift to T\Q of the tangent vector e q G T q Q (see for 
instance, [H E]). 
^ii) In the particular case k = 1 we obtain that £ Vl ee £ y : E Xq E — > T £ i? is the 
vertical lifting map introduced by E. Martinez in 
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The Liouville sections. The A th -Liouville section Aa is the section of r k : 7 E (® 

k 

E) — >® E given by 

A A :®E -> 7 E {@E)=Ex TQ T{®E) ^ l<A<k, 

h q i ► A A (b 9 ) = ^(pr A (b g ),b,) = ^(&A (? ,b (? ) ' 

where b,j = (bi q , . . . ,bk q ) G© E y pr A :(B E ^ E is the canonical projection over the 
A^-copy of £ in © E. 

From the local expression ( 14.12ft of £ Va and taking into account that 

y a (b Aq ) = y A (b lq , b kq ) = y A (b q ) 
we obtain that A^ has the following local expression 

m 

(4.13) A, = ^^, l<A<k. 

a=l 

Remark 4.5. In the standard case, we obtain that each section A^ turns in the following 
vector field 

Aa: T l k Q - T{T l k Q) 

v q = (v lq ,...,v Aq ) i-> iy Aq )X A q 

that is with the /^-canonical vector field on T k x Q. o 

In the standard Lagrangian /c-symplectic formalism, the canonical vector fields Ax, ... , 
A*; allow us to define the energy function. In analogous way, as we will see in the sequel, 
we will also define de energy function using the Liouville sections A 1; . . . , Aj. in the Lie 
algebroid setting. 

k 

Vertical endomorphism on T (© E). The second important family of canonical geo- 
metric elements on 7 E (@ E) is the family of vertical endomorphism J 1 , . . . , J k . 

k 

Definition 4.6. For each A = 1, . . . , k we define the A th -vertical endomorphism on 7 E {@ 

k 

E) = E x T q T(ffi E) as the mapping 

(414) J A -- 7 E (®E) -> 7 E (®E) 

(e g ,f b J >-> J A (e q ,v hq ) = £ VA (e q ,b q ) , 

k k 

where e q G E, h q = (b lq , . . . , b kq ) G© E and v hq G T bg (© E). 

k 

Lemma 4.7. Let {X a , V^} be a local basis of Sec(T £ '(© £7)) and Ze£ {X a , V A } be its dual 
basis. 

Using this local basis, we obtain that the local expression of J A is given by the following 
expression: 

m 

(4.15) J A = J2v A ®X a , l<A<k. 

a=l 
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(Proof) From (|OD and (Q2]l we obtain 

J A (X a (b q )) = e A (e a (q),b q ) = yP(e a (q))V$(b q ) = V A (b q ) , 
J\<{\)) = H VA (0 q ,b q )=0 bq , 

k k 

for each A, B = a = 1 . . . , m, where b q e© E is an arbitrary element of ffi E. ■ 



Remark 4.8. 

(i) When one writes the definition of J 1 , . . . , J k in the particular case E = TQ and 
p = idrQ one obtains the canonical fc-tangent structure J 1 , . . . , J k on T k Q. 

(ii) In the particular case k = 1 we obtain the vertical endomorphism S on 7 E (TQ), 
that is, on the prolongation of the Lie algebroid E over tq : TQ — > Q. This 
endormorphsim 5* was defined by E. Martinez in [3T] . 



4.1.4. Second order partial differential equations. In the standard /c-symplectic Lagrangian 
formalism one obtains the solutions of the Euler-Lagrange equations as integral sections 
of certain second order partial differential equations (sopde) on T k x Q . 

In order to introduce the analogous objet in the fc-symplectic approach on Lie alge- 
broids, now we are going to analyze the concept of SOPDE in the standard case. In this 
case a sopde £ is a section of the maps 

t% q : TliTlQ) -> TlQ 
(v lwq ,...,v kvfq ) i-> w q 

and 

T k \r k ): T£{T£Q) -> T'Q 

(vi Wq ,...,v kWq ) i-> (T Wq {T^)(v lvfq ), . . . ,T Wq (T%)(v kWq )) ' 

where Tq \ T k Q — > Q denotes the canonical projection of the tangent bundle of k 1 - 
velocities. 

Returning to our case, we know that: (i) © E and 7 (ffi E) play the role of T k Q and 
T(T k Q), respectively; (ii) T k (T k Q) is the Whitney sum of k copies of T(T k Q). Then it 

k 

is natural to think that the Whitney sum of k copies of T (ffi E), that is, 

(7 E )l(®E): = 7 E (® E)(B k ■ @7 E (@ E) , 

will play the role of T k (T k Q). 

Now, the natural question is: what are the maps playing the role of t^ X q and T k l (Tg), 
when one considers Lie algebroids? 

Now we consider the following maps: 

rl ■ (7 E ) l k (®E)=7 E (®E)®. k .®7 E (®E) © E 
((a lq ,v lh ), . . . , (a kq ,v kb )) i-> b q 



and 



r k : (7 E )l(®E)=7 E (®E)®. k .®7 E (®E) — > © £ 
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These two maps play the role of t^ 1q and T£(tq), respectively. In fact, when E = TQ 
there exists a difeomorphism between T(T^Q) and 7 T< ^(T^Q) given by, (see remark |4~2]) . 
T{TlQ) = ^{TlQ) = {TQ)x TQ T{TlQ)^T{TlQ) 

s = (^(tqKsI."*,) 

Thus 

• The map 

t£ :{7 T ^)\{TlQ)^Tl{TlQ)^TlQ 
corresponds to t£ 1q : T^(T^Q) — > T^Q since 

r^i Q ((T Wq (T^)(v 1Wq ),v 1Wq ), (T Wq (r^)(v kWq ),v kWq )) = w q 

= T TlQ^ Vl ^q ■>■■■■> ^w, ) • 

• The map 

{^ Q )\{TlQ) = Tl{TlQ) -> TlQ 
identifies with T^rJ): T£(T£Q) -> T^Q since 

^(( T w,(tq)Kv ? ), ui w ,), . . • , (T Wg (r^)(i; fcWg ),^ Wq )) 

= (^w,(rS)(t;i w ,), • • • , r w ,(rj)(i; fcw J) = T/^jK,, . . . , Ufcw J . 

Remark 4.9. For simplicity we denote by (a g , v b ) an element 

((oi g ,«ib,), • • • > (a kq ,v khq )) 

of (7 £ )^(ffi £?) = T E (© £?)© .*. ©T s (© £?) where a 9 : = (a lff , . . . , a kq ) G© £ and 
v b ,: =K,,...,%,)GTi(©4 o 

Now we are in conditions to introduce the object which plays the role of a sopde when 
we consider an arbitrary Lie algebroid E. This object is also called sopde 

k 

Definition 4.10. A second order partial differential equation (SOPDE for short) on © E 
is a map £: © E — ► (7 E )\(@ E) which is a section ofr k k and r\. 

®E 

Since (7 E )l(® E) is the Whitney sum 7 E {@ E)@ . k . @7 E {@ E) of k copies of T E (ffi E), 
we deduce that to give a section £ of r£ is equivalent to give a family of k sections, 

k 

£i,...,£fc, of the Lagrangian prolongation 7 (© £"), obtained by projecting £ on each 
factor. 

Next, we are going to characterize a sopde. 

Definition 4.11. The set 

Adm(E) = {(a„ v b J e (7 E )l(® E) | r^a,, v b J = r* (a,, v b J} 
(4.16) ® E 

= {(* q ,v hq )e(7 E )l(®E)\a q = b q }. 

is called the set of admissible points. 

Proposition 4.12. Let £ = . . . :© £ -> (T s )^(© £) 6e a sectzon o/ r * . The 
following statements are equivalent: 
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(i) £ takes values in Adm(E) . 

(ii) £ is a SOPDE, that is, rf o £ = id k . 

(iii) J A (£ A ) = /or oW A = 1, . . . , k. 

(Proof) From (14.161) it is easy to prove that (i) and (ii) are equivalent. The equivalence 
between (i) and (iii) is a direct consequence of the definitions of J A , Aa and £ Va . ■ 

Using (iii) in Proposition 14.121 one easily deduce that the local expression of a SOPDE 
£ = (Ci, • • • , 60 is the following 

U = y a A x a + (UTbK 

where (U)% e e°°(© E). 

k k 

Proposition 4.13. Let £ = (£i, . . . ,£ fe ) :© £? -> (T £ )£(ffi £7) &e a secton o/r* . TTien 

®£ 

(/(£0, •••,/(£*)): ©s-Ti(eJS) 

fc 

zs a k-vector field on ® E. Let us remember that 

p 7 : 7 E (® e) = e x TQ r(e -> r(e e) 

k 

denote the anchor map of the Lie algebroid 7 (© £7). 

(Proof) It is a direct consequence of (vi) in Section 14.1.21 ■ 
In local coordinate we obtain 

(4.17) /(to = P l a y a A ^- + (£0S^j e *(© *0 • 



Definition 4.14. A map 



r] : R k ^© £ 



es called an integral section of the SOPDE £, i/* 77 zs an integral section of the k-vector field 
(p T (£i), . . . ,p r (£&)), associated to £ ; i/ioi is, 



(4.18) (p ? (eA))(»7(t))=^(t) 



<9 



1 < A < jfc 



If 77 is written locally as 77 (t) = (77* (t), 7/^(t)), then from (14. 17ft we deduce that (14. 18f) is 
locally equivalent to the identities, 



drf 



drj 



(4-19) ^ . = vmP«(r(v(t)) , . = (60£fo(t)) 



~ fc 

where r :© E — > Q is the canonical projection. 



k 

4.1.5. Lagrangian formalism. Let £ :© £7 — > K be a function which we will call Lagrangian 
function. 

In this section, we will develop a intrisic and global geometric framework, which al- 
lows us to write the Euler-Lagrange equations on a Lie algebroid, associated with the 
Lagrangian function L. In first place we are going to introduce some geometric elements 
associated with a Lagrangian L. 
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Poincare-Cartan sections. We now introduce the Poincare-Cartan 1-sections 

9f:©£ — ► (7 E (® E)) * 

h q — > ef(b g ) 

where 0f (h q ) is denned by 

9f(b 9 ): (7 E (®E)) hq — > R 

^ = (e 9 ,^J — (ef) b9 (Z b J = (^ B ^)L) bq ((^) bg (Z b J) 
Using the expression (14. 6B of d 7 (® E > f with / = L we obtain: 
(4.20) (e£ )(b 9 )z b9 = (^ B ^L) b9 ((J A ) b ^ b9 ) = (f{{J A ) hq Z hq ))L , 

where b, G© Z b? G [T E (© E)] hq y /(( J A ) b( Z bq ) G T hq (® E). 
The Poincare-Cartan 2-sections 

n*:®E^ {7 E {® E)) * A (7 E (® E)) *, 1 < A < k 
are defined as follows: 

=-d TE (® E )6f, 1<A<A;, 

that is, 

= [/(6)](ef(6))-[p^i)](©f(6)) + ©f(Ki,6f), 

where £1,^2 £ Sec(7 (© E 1 )) and (p T , [•, -] T ) denotes the Lie algebroid structure of 7 (ffi 
£") defined in section 14.1.21 

Next, we will establish the local expressions of Of and flf. 

Consider {X a , Vf } a local basis of sections of Sec('J £ '(© E)) and {X Q , V^} its dual 
basis. Then from (TOD, (TCToD y (fl~201 we obtain 

(4.22) 6f = — — X a , 1 < A < k . 



From de local expressions (H~3l) . (Oil . ( j4~5l) . (I4.2ip and (14.221) we have for each A = 
1, . . . , k, 

Remark 4.15. 

(i) En the particular case k = 1 we obtain the Poincare-Cartan forms of the La- 
grangian Mechanics on Lie algebroids. See, for instance [8| 1ST]. 

(ii) When E = TQ and ptq = idxQ, then 

n£(X,Y) =u£(X,Y), l<A<k 

where X, Y are two vector fields on T^Q and u\, . . . , cu* denote the Lagrangian 
2- forms of the standard A;-symplectic formalism defined by = —d{dL o J A ) y 
being d the usual differential. 
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The energy function. The energy function El :® E 



defined by the Lagrangian L 



is 



e l = J2p^^a)l-l, 



A=l 



and from (14.4ft and ( 14.131) one deduce that -El is locally given by 

k 



(4.24) 



E, 



E 

A=l 



Va 



dL 

dy a A 



L . 



Morphisms. For studying the concept of Euler-Lagrange equations and their solutions 
on Lie algebroids, we need to show a new point of view of the solutions for the standard 
Euler-Lagrange equations, which allows us to think a solution as a particular set of Lie 
algebroid morphisms. 

In the standard Lagrangian fc-symplectic formalism, a solution of the Euler-Lagrange 
equation is a field : R fc — ► Q such that its first prolongation (jft) : R fc — ► T^Q satisfies 
the Euler-Lagrange field equations, that is, 

k 



E 

A=l 



d_ 

dtA 



( dL 




dL 




t\dv* A 


*<D(t)) 




0(D (t) 



Let us observe that the map <p naturally induces the following Lie algebroid morphism 

TR k JEt*. T Q 



TQ 



Q 



If we consider the canonical basis of section of 
prolongation <jP^ of 0, can be written as follows: 



d_ 



_d_ 

'at* 



, then the first 



^» ( t) = (^(A| t ),...,r t ^| t )). 

Returning to the case of Lie algebroids, the analog of a field solution of the Euler- 



Lagrange equations is now a Lie algebroid morphism $ = ($, $) between TI 



E 



Q 



and E 



Taking a local basis {eyi}^ =1 of local sections of TR fc , one can define a map $ : R fc — ►© E 
associated to $ and given by 

$ : R k -> ®E = E®. k .®E 

t - ($( ei (t)),...,$(e fc (t))). 

Let (t" 4 ) and (g l ) be a local coordinate system on R fc and Q, respectively. Let {e^} be 
a local basis of sections of r R k and {e a } be a local basis of sections of E, we denote by 
{e A } and {e a } the dual basis. Then <£> is determined by the relations $(t) = (0 J (t)) and 
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$*e a = (p A e A for certain local functions <p l and 4> A on M fc . Thus, the associated map $ is 
locally given by i(t) = (0*(t), 4>%(t)). 

In this case, the conditions of Lie algebroid morphism (13.61) are written as 



La aj^a 



l 4 -^J P a <PA - dtA , U - ^ QfA + L Pi ( Pb ( Pa ■ 

Remark 4.16. In the standard case where E = TQ the above morphism conditions 
reduce to 



and 



dt A dt B dt A ' 

Therefore, in the standard case, by considering morphisms we are just considering the 
first-order prolongation of the fields (f> : M. k — > Q. o 

k 

The Euler-Lagrange equations. Consider a given regular Lagrangian function L : © 
E — > R. The field equations are obtained as follows: 

We look for the solutions £ = (£i, ...,£&) of the equation 

(4.26) ^M = ^ E) E L . 

A=l 

k 

Notice that each ^ A is a section of the Lagrangian prolongation T (© E) and thus, £ 
is a section of (T E )£(© £) = 7 E {® E)@ ©T E (© £) ^© £. 

Using a local coordinate system (g*, y A ) on ® E an a local basis {e a } of Sec(.E'), each 
£a is locally given by 

U = £Xa + (WSVJ • 

Then, using this local expression and from (14.61) . (14.231) and (14. 24ft we obtain that the 
equation (14.261) is locally expressed as follows: 

^ d 2 L = d*L 
dy B dy a A dy B dy a A 

Since L is regular, that is the matrix ( 6 ) is regular, the above equations can be 
written as follows 

(4.27) VAPp d^d V % + {U)B d V %dy p B ~ P °W +V * L **dyl' 

G = 2/2- 

Therefore £ is a sopde. 

~ k 

Let $ : R ^© £7 the associated map to a Lie algebroid morphism $ : TR — ► i£. 
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If $(t) = (<^(t), <^(t)) is an integral section of the sopde £ solution of 04.261) then 
from the condition (14.191) of integral section and the equations (14.271) we obtain 



dt A 



3 2 L 



t dq L dy c 



_| L_2 

$(t) dt A 



3 2 L 



■dy%dy 



*(t) 



*(t) 



+ 



*(t) 



dt A 







90 



dcj)' 



dt A 



+ e 



)7<Ab( 



£(t) 



where the later equation is a consequence of the morphism condition (I4.25p . The above 
equations can be written as follows: 



A=l 



d 



dL 



*(t) 



P, 



dL 



(4.28) 



dt A 



dq 



*(t) 







t)0l(t) . 



Notice that if E is the standard Lie algebroid TQ then the above equations are the 
classical Euler-Lagrange equations in field theories for the Lagrangian L : T^Q — > R. 
Thus, in the sequel, ( 14.281) will be called the Euler-Lagrange equations for field theories 
on Lie algebroids. 

Remark 4.17. 



(i) The equations (14.281) are obtained by E. Martinez from a variational approach in 
the multisymplectic framework, see [33] . 

(ii) If one rewrite the above equations in the particular case, k = 1, one obtain the 
Euler-Lagrange equations on Lie algebroids given by Weinstein in [47J. 

(iii) When E = TQ, the equations (14.281) coincides with the Euler- Lagrange equations 
of the Giinther formalism, 1361. 



The results of this section can be summarized in the following 

k 



Theorem 4.18. Let L : 



E be a regular Lagrangian and £i, . . .,£fc be k sections 



ofr k :7 E (®E) 



E such that 

k 



A=l 



Then: 



(i) £= (&,...,&) is a sopde. 

~ k 

(ii) Let $ : Mr ^© E be the map associated with a Lie algebroid morphism between 
TM k and E. If $ is an integral section of £, then it is a solution of the Euler- 
Lagrange equations for field theories on Lie algebroids U^28 ). 



Remark 4.19. If we rewrite this section in the particular case k — 1, we reobtain the 
Lagrangian Mechanics on a Lie algebroid. (See section 3.1 in [S] or section 2.2 in [IH]). o 



20 



M. DE LEON, D. MARTIN DE DIEGO, M. SALGADO, AND S. VILARINO 



As a final remark in this subsection, it is interesting to point out that the standard 
Lagrangian fc-symplectic formalism is a particular case of the Lagrangian formalism on Lie 
algebroids, when E = TQ, the anchor map ptq is the identity on TQ and the structure 
constants are Clg = 0. 

In this case we have: 

• The manifold © E identifies with T^Q, 7 TQ (T^Q) with T(T^Q) and (7 TQ ) 1 k (T^Q) 
with Tl{TlQ). 

k 

• The energy function E L : TlQ — » K. is given by E L = ^^Aa(L) — L where 

A=l 

are the canonical vector field on TlQ. We have explained how to obtain this 
vector fields in Remark 14.51 . 

k k 

• A section £ :© E — > (7 )£(© E) correspond to a fc-vector field £ = (£i, ...,£&) 
on T^Q, that is, £ is a section of t^ Xq : T£(T£Q) — > TlQ. 

• A sopde £ is a k- vector field on T\Q which is a section of T^(tq) : T^(T^Q) — > 
TlQ. 

• Let / be a function on TlQ then 

d*"W) /( y) = #(y) , 

where d/ denotes the standard differential and Y is a vector field on TlQ. 

• It is satisfies that 

ni{X,Y)=u>$(X,Y), A = l,...,k 

where u^, A = 1, . . . , k are the Lagrangian 2-forms of the standard /c-symplectic 
formalism given by oj^ = —d{dL o J A ). 

• Thus, in the standard /c-symplectic Lagrangian formalism, the equation ( 14.261) 
can be written as follow: 

k 

J^Ha^L = dE L, 
A=l 

that is, this equation is the geometric Euler-Lagrange equations in the standard 
/c-symplectic Lagrangian formalism. 

• In the standard case a map <fi : M fc — > Q induces a Lie algebroid morphism (T(p, </>) 
between TM fc and TQ. In this case, the associated map $ of this morphism is the 
first prolongation </>W of given by 

5(t) = W | r | t ),...,r^| i )). 

Let us observe that $ = (see 122]). 

Thus, from the Theorem 14 . 1 8 1 and the above remarks, we deduce the following corollary 
which summarizes the standard Lagrangian /c-symplectic formalism, see [14"1 1361 W\\ . 

Corollary 4.20. Let L : TlQ — > M be a regular Lagrangian and £ = . . . , a k-vector 
field on TlQ such that 



J^Ha^l = dE i 



A=l 



Then: 

(i) £ is a SOPDE 
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(ii) If = (fi^ is an integral section of the k-vector field then it is a solution of 
the Euler-Lagrange field equations in the standard Lagrangian k-symplectic field 
theories given by 
k 



T,mA£:z,J = Bz,« ' ^(*(t)) 



dt A 



A=l ^ uu A 



dL 



dL 



5(t) / dq 



d(q l o $) 



5(t) ^ v " dt J 



4.2. Hamiltonian formalism. In this subsection we will develop the Hamiltonian k- 
symplectic formalism on Lie algebroids, in an analogous way that in the standard case 

Let (E, [-, -}e, Pe) be a Lie algebroid over a manifold Q. For the Hamiltonian approach 
we consider the dual bundle, r * : E* — > Q of E. 

k 

4.2.1. The manifold © E*. The standard fc-symplectic Hamiltonian formalism develops 
on the bundle {Tl)*Q of fc 1 -covelocities of Q, that is, the Whitney sum of k copies of T*Q. 
Passing to Lie algebroids E as a substitute of the tangent bundle, its natural to think 
that the analog of (T^)*Q is the Whitney sum over Q of k copies of the dual space E*. 

We denote by 

© E* = E*(B . k . (BE* , 
the Whitney sum of k copies of the vector bundle E*, the projection map 

t* :© E* -> Q, 

given by r*(a{ q , . . . , a fc * ) =g 

If (q l ,y a ) are local coordinates on (r*) _1 (f/) C then the induced local coordinates 

~ k 
(q\Va) on ( T *) (U) C© E* are given by 

q\a* q) a fc * ) = , y^(a* q , a fc *) = y a (ay . 

4.2.2. TTie Hamiltonian prolongation. For the description of the Hamiltonian fc-symplectic 
formalism on Lie algebroids we consider the prolongation of a Lie algebroid E over the 

~ k 

fibration r* : © E* —> Q, that is, (see Section 13^41) . 

(4.29) 7 E (® E*) = {(e q ,v H ) eExT{® E*)/ p E (e q ) = T(r*)K»)} . 

Taking into account the description of the prolongation 7 E P, (see for instance, [8l[T9ll30] 
or section I3T41 in this paper), on the particular case P = E*(B (BE* we obtain: 

(i) 7 E ((B E*) = E x TQ T(© E*) is a Lie algebroid over © E* with projection 

r k : T £ (© E*) = E x T q T(© E*) — >© E* 
and Lie algebroid structure ([•, -] T *,p T * ) where the anchor map 

/* = E x TQ T(© E*) : T B (© £*) -> T(© i?*) 

is the canonical projection over the second factor. 

We refer to this Lie algebroid as the Hamiltonian prolongation. 

■ A k 

(ii) If (q\Va) denotes a local coordinate system of © E* then the induced local 

k k 

coordinate system on T £ (© E*) = E x TQ T(© E*) is given by 

\1 iVcf Z i w a ) l<i<n, l<A<fc, l<a<m 
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where 

(4.30) 

z a {e q ,v h *) = y a {e q ) , w£{e g ,v h *) = v b *(y£) . 
(iii) The set {X a , V^} given by 

X a : @E* -> 7 E {® E*) = E Xj<q T(© E*) 

d 

V a A : Q) E* — > f(efi') = EX TQ T{@E*) 



(4.31) 



1 £* 


-> T B (© E 1 *) 


b* 


- X a (b*) 


k 






-> T s (©£*) 


b* 


- n(b*) 



11 



<9 



/ 1 



k _ 

is a local basis of Sec(7 (© E*)) the set of sections of r k . (See (13.71) ). 

(iv) The anchor map p T : 7 (© £?*) — > T(© 2£*) allows us to associate a vector field 
to each section £: © -> T £ (ffi £7*) of r k 



Locally, if £ writes as follows: 

£ = £<*X a + ^V a A eSec(7 E (®E*)) 
then the associated vector field has the following local expression, see (13.81) . 

(v) The Lie bracket of two sections of r k is characterized by the following expres- 
sions (see (13.101) ): 

(4.33) [x a ,x#* = e^x 7 ix a y B r = o rvs,vjr = o. 

(vi) If {X a ,V^} is the dual basis of {X a ,V A }, then the exterior differential is deter- 
mined by, (see (13.111) ). 

<P"l* E ')f = p ^X Q + |4vf, for all / G e°°(© £*) 

(4.34) fc ^ ^ 

fc 

Remark 4.21. In the particular case E = TQ the manifold 7 (© -E 1 *) turns into 
T((T^)*Q).The proof is similar to remark l4~2l o 

„ k „ k 

4.2.3. The vector bundle 7 E (® E*)(B . k . ®7 E (® E*). In the standard A;-symplectic 

Hamiltonian formalism one obtains the solutions of the Hamilton equations as integral 

sections of certain /c-vector fields on (T£)*Q, that is, certain sections of 

rtnrQ--T X k{{Tl)*Q)^{TlrQ. 
Thinking on a Lie algebroid E as a substitute of the tangent bundle, we know that 

k 

T (© E*) plays the role of T((T^)*Q). Thus it is natural to choose the Whitney sum of 
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k 

k copies of 7 (ffi E*), that is, the manifold 

(7 E )l(® E*): = 7 E {®E*)@ A ®7 E (@E*) 

plays the role of 

Tl{{Tl)*Q) = T((T^)*Q)Q) .*. ©T((T^)*g). 
We denote by : {7 E )l((B E*) ^ffi _E* the canonical projection given by 

T * E S z k>---' z & = h h 

where Z£. = (a Aq ,v Ah *) G 7 E (® E*), A = 1, . . . , k. 

Now, we consider a section £ of r\ . Next we will prove that there exist a fc-vector 

®E * 

field on ffi .E* associated to each section £. 
Notice that to give a section 

£: © E* -> (T E )£(© -E*)) = T B (© £*)ffi ©T £ (© £*) 

fe 

of r£ is equivalent to give k sections, £1, ■ ■ ■ of the Hamiltonian prolongation T (ffi 
e-B* 

fc 

£>*), obtained by projection £ on each factor T (ffi £?*). 
Proposition 4.22. Let £ = (£ x , . . . , £ fc ) 6e a section ofr^ . Then 

(BE* 

(/*(£i),..., /*(&)): ©£*-2£(e£*) 

fe 

a k-vector field on ® E* . Let us remember that the mapping p T is the anchor map of 
the Lie algebroid 7 E (® E*). 

(Proof) Is a direct consequence of (14.321) and the above remark. ■ 
4.2.4. Hamiltonian formalism. Let (E, [•, pe) be a Lie algebroid on a manifold Q and 

k 

H :@ E* — > R be a Hamiltonian function. 

In this subsection we will develop the fc-symplectic Hamiltonian formalism on Lie alge- 
broids. Morevover, we also describe the standard /c-symplectic Hamiltonian formalism as 
a particular case of the formalism developed here. 

First, we define certain type of sections of the dual of the Hamiltonian prolongation 

k 

T (ffi E*), which play the role of the Liouville forms in the standard case. 

The Liouville sections. We are called Liouville 1-sections to the sections of the bundle 

(7 E (® E*))* ->e E* defined as follow: 



Q A :®E* — ► (7 E (®E*)) 

b* ^ e£. 



1 < A < k, 



where is the function given by 

(4.35) b " V V " q 

(e q ,v h *) .— » ®^{e q ,v h «) = bX q {e q ) , 
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for each e q <E E, b* = (h* q , b k * g ) G© E* and v h * G T b «(® E*). 
Now we define the 2-sections 

VL A :® E* -> (7 E (® E*)) * A (7 E (® E*)) *, 1 < A < k 

by 

= _ d ^{®E*) Q A ^ 

A; 

where (p E (® E *) denotes the exterior differential on the Lie algebroid 7 E (® -E*), see (14. 34ft . 
Next we will write the local expression of the sections Q A and fl A . 

k 

Let {X Q , V s } be a local basis of Sec(T B (© E*)) and {XJ4, Vf} its dual basis. Then 
from (14.311) we have 

m 

(4.36) 6 A = ^^X /3 , 1<A<A;. 

/9=1 



Thus, from (jQ2]l . (jQgj) . fQ4"j) and fTOBD we obtain the local expression of that 



is. 



(4.37) n A = x/3 A V ? + \ Yl e ^ x/3 A J7 ' i<A<k 



2 

/? 13,7,8 



Remark 4.23. 



(i) In the particular case k = 1 the Liouville sections introduced here are the Liouville 
sections on Mechanics on Lie algebroids, see E. Martinez, [HI l3T] . 

(ii) When E = TQ and ptq = idrQ, then 

n A (X,Y) =u A (X,Y), l<A<k 

where X, Y are vector fiels on (T^)*Q and lu 1 , . . . , u k are the canonical 2-forms 
of the standard £;-symplectic Hamiltonian formalism. 



The Hamilton equations. 

k 

Theorem 4.24. Let H :© E* be a Hamiltonian and 

f = (£1, . . . , &■) :© E* -> (T £ )^(© £?*) = 7 E {® E*)® . k . ®7 E {® E*) 

. k 

a section ofr k , or equivalently , k sections of the Hamiltonian prolongation, T (© E*), 

(BE* 

such that 

k k 

(4.38) J2HAV A = d' lE ^ E ^H . 

A=l 

k 

If if) : Mr — >® E* is an integral section of £ ; then if) is a solution of the following system 
of partial differential equations 



dip 1 , OH , A <9^ A / c , B d# , d# 
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Remark 4.25. In the particular case E = TQ and p = icItq, the equations (14.2.4j) are 
the Hamilton field equations. Therefore these equations (14.2.41) are called the Hamilton 
equations on Lie algebroids. 



(Proof) Let 
be a section of r fc fc such that (14.381) holds. 



-,60 A E* ^ (7 E )l(® E*) 



Consider {X a , V^}, a local basis of sections of r k : 7 E ((B E*) ^© E*, then each 
A = 1, . . . , k can be written as follow: 

(4-40) U = fiX a + &0£V£ , 

From (14.34p . (14.371) and (14.40}) we obtain that (14.381) is locally expressed as follow 

dH 



a 



(4-41) 



^0 



E(to; = -l e ^?J|+4f 



A=l 



k . 

Next, let ip : lR fe ^ffi ip(t) = (#(t), ^(t)) be an integral section of £, that is, ip 

k 

is an integral section of (p T (£), . . . ,p T (£)) the fc-vector field on © E* associated to £. 
Thus the following expressions holds: 



(4-42) ^ - , (U)/3 - 



Finally, from (I4.4ip and (14.42j) we deduce that ip satisfies the following system of partial 
differential equations. 

d ±- d JL d and r^--(e? — + — 

dt A ~ dy/ a ^ dt* ~ [ La ^ 5 dy$ +Pa d q * 



Remark 4.26. 

(i) When E = TQ and pxq = id-TQ the equation (I4.38j) is the geometric version of 
the Hamilton field equation in the standard fc-symplectic formalism. This fact 
will be explain after. 

(ii) In the particular case k = 1, this theorem summarized the Hamiltonian Mechanics 
on Lie algebroids, see section 3.2 in [8] or section 3.3 on [19] . 



As a final remark in this subsection, it is interesting to point out that the standard 
Hamiltonian fc-symplectic formalism is a particular case of the Hamiltonian formalism on 
Lie algebroids. In this case E = TQ and pe = idrg as we have comment in the point (i) 
of the remark 14.261 We have: 

• The manifold © E* is identified with (T*) *Q; T rQ ((T fc 1 ) *Q) with T((T fc x ) *Q); and 

(^nmrQ) with t^)*q). 
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A section 



corresponds to a fc-vector field £ = (£1, on (T£) *Q, that is, £ is a section 

rfiT D * Q --n((nrQ)^(Ti)*Q. 

Let / be a function defined on (T^)*Q then 



(d 7B ^f)(Y) = df(Y) 

where df denotes the usual differential and Y is a vector field on (T£) *Q. 
It is satisfies that 

Q A (X,Y) =u A {X,Y) (A = l,...,k) 

where to A , A — 1, ... ,k are the canonical fc-symplectic 2-forms on (T£)*Q. 
Thus, in the standard Hamiltonian fc-symplectic formalism the equation (14.381) 
writes as follow: 



A=l 



L) 



dH. 



As consequence of the Theorem 14.241 and the five above remarks, we reobtain the 
standard Hamiltonian fc-symplectic formalism, which can be summarized in the following 

Corollary 4.27. Let H : (T£)*Q M. be a Hamiltonian formalism and £ 
be a k -vector field on (T^)*Q such that 

k 

Y,H A u A = dH. 



(6 



■ 60 



A=l 



Ifijj : M. k — > (T£)*(5, V'(t) — (V^OOj V^OO) is an integral section o/£, then is a solution 
to the Hamilton field equation in the standard k-symplectic formalism, that is, 

k 



(4.43) 



^ dt A 



A=\ 



OH 



dq l 



dip 1 



dt J 



OH 



dpi 



n. 



4.3. The Legendre transformation and the equivalence between the Lagrangian 
and Hamiltonian A>symplectic formalism on Lie algebroids. In this section we 
introduce the Legendre transformation on the fc-symplectic framework on Lie algebroids 
and we establish the equivalence between the Lagrangian and Hamiltonian formulation 
when we consider a hyperregular Lagrangian, This fact extends the analogous results of 
the standard case. 



Let L 



E 



be a Lagrangian function and © 



A . 



E -> [7 E {® E)}* , (A 



1, . . . , k) be the Poincare-Cartan 1-sections associated with L, which was defined in (I4.20p . 

Definition 4.28. We introduce the Legendre transformation associated with L as the 
smooth map 



£es :© E 



E" 



defined by 



where 



[<Cefj(6i, 



[£e (&i„ 
d 

e i ) = dS 



,& fc ,)]\...,[,Ccfj(&i 



b ' lk 



L(b 



+ se 



being e„ G iL 
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En other words, for each A we can write 
(4-44) [£eg(& 1? , . . . , b kq )] A (e q ) = Q A (b lqJ . . . , b kq )(Z) , 

k 

where Z is a point in the fiber of (T (ffi E))^ q , over the point 

b q = (b lq ,...,b kq ) e®E 

such that 

t x {Z) = e q 

being 

n : 7 E (® E) = E x TQ T(© E) -> £ 
is the projection over the first factor. Therefore Z is of the form Z = (e q , Vt, ). 
The map £eg is well-defined and its local expression is 

8T 

From this local expression it is easy to prove that the Lagrangian L is regular if an only 
if £eg is a local diffeomorphism. 

Remark 4.29. When E = TQ the Legendre transformation defined here coincides with 
the Legendre transformation introduced by Giinther in [TJ]. o 

The Legendre transformation, £eg, induce a map 

T B £eg : 7 E (® E) = E x TQ T(© E) -> 7 E {® E*) = E x TQ T(© E*) 
defined as follow 

7 E £tg(e q ,v hq ) = (e q , (£cfl)*(b ? )(u b JJ , 

where e g G S„ b g G© i£ y (e q ,v hq ) G T s (© E) = E x TQ T(© £?). Notice that the 
following diagram is commutative 

k k 
© £ " © £* 





and thus T E £eg is well-defined. 

„ k fc 

If we consider local coordinates on 7 E (® E) (resp. T s (ffi £?*)), see ( TO) and (14301) . 

the local expression of T£eg is 

BL B 2 I d 2 L 

(4.45) y % - <) = (,-, m , f A]Rm + J> B ^) . 

k 

Theorem 4.30. The pair (7 e £cq, £eg) zs a morphism between the Lie algebroids (7 E (@ 

k 

E),p T , [■, -] r ) and {7 E {® E*),p T ", [•, -] T *). Moreover, ifQ A and Q A (respectively, Q A and 

k 

Q ) are the Poincare-Cartan 1-sections and 2-sections associated with L: © E — ► K. 

fc 

(respectively, the Liouville 1-sections and 2-sections on T (© E*)), then 

(4.46) (T B £cg, £cg)*6 A = 0f , (T E £eg, £eg)*fi A = fi A , 1 < A < k . 
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(Proof) Firstly we have to prove that (7 £eg, £eg) is a Lie algebroid morphism. 

T E (ffi E) *7 E {@E*) 



< k 

+ E 



' k 

:-e ' 



k "^ e S k 

© E ^ ® E* 

Suppose that (q 1 ) are local coordinates on Q, that {e a } is a local basis of Sec(E) and 
denote by {X a ,V^} (respectively, {Va,!!^}) the corresponding local basis of sections of 

T k : 7 E (® E) ^® E (respectively, r k : 7 E (® E*) ^® E*). 

Then, using (13. 5ft . (14. 6|) and (14.451) . by a straightforward computation we deduce that 

(4.47) (T s £eg, £eg)*(T ) = X a , (T s £eg, £eg)* (llf) = <f E ^ (||) , 

for each a = 1, . . . , m and A — 1, ... ,k where {X a , V^} and {}j a , U^} denotes the dual 
basis of {X a , V^} and {^ a , WX\ respectively. 

Thus, taking into account this identities, from (14.61) and (14.34j) we conclude that 
(7 B £eg,£eg)*(d TB (® B *)/) = (f E ^ E \f o £eg) 

(7 E ZzQ,£tQy{(f E ^ E ^T) = (F E ^ E X{7 E ZzQ,£tQyT) 
(7 E £zQ,£zgy(d 7E ^ E ^U£) = d yE ^ E \(7 E £zg, £eg)*l^) , 

k 

for all function / e C°°(© E*) and for all a and A. 

Consequently, the pair (T £ £eg, £eg) is a Lie algebroid morphism 
Next we will check that (T £ £eg, £eg)*9 A = 6f holds. 
From (E31), (14735]) and (147141) we obtain: 

[(T s £eg,£eg)*9 A ] b9 (e g ,t; b9 ) = e^^e,, (£eg)*(b g )K)) 

= [£efl(b,)] A (e,) = ef(b ff )(e ffl t S ). 

Finally, since (T s £eg, £eg) is a Lie algebroid morphism and taking into account the 
last identity we deduce that: 

(T £ £eg,£eg)*ft A = fi£ . 



Remark 4.31. In the particular case k — 1 this theorem corresponds with the Theorem 
3.12 of 



In the case E = TQ and ptq = idxQ this theorem establishes the relation between the 
Lagrangian and Hamiltonian forms in the standard /c-symplectic approach. o 

Next, we will assume that L is hyperregular, that is, £eg is a global diffeo morphism. In 

k 

this case we may consider the Hamiltonian function H : © E* — > K defined by 



if = £ L o (£eg) 



-i 
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where E L es the Lagrangian energy associated with L given by (14.241) . Here (£eg) 1 is 
the inverse of the Legendre transformation 



k £e fl \ k 

© E* ® E 



H 



E L 



Lemma 4.32. If the Lagrangian L is hyperregular then 7 e £zq is a diffeomorphism 

(Proof) The condition L hyperregular means that £eg is a global diffeomorphism, that 
is, there exists its inverse map 

Zzg- 1 : ® E* ^© E. 



We define the inverse map to 7 E £zg as the mapping 
given by 



(7 E £cg)- 1 : 7 E (® E*) -> 7 E (® E) 



(7 E £t d y 1 (a q ,v h ,) = ( S ,(£e - 1 ),(b;)K- 



where a q G E, b* G© E* and (a q ,v h *) G 7 E (® E*) = E x TQ T(© E*). 

Therefore, 7 e 2,zq is a diffeomorphism. ■ 

The following theorem establishes the equivalence between the Lagrangian and Hamil- 
tonian /c-symplectic formulation on Lie algebroids. 

Theorem 4.33. Let L be a hyperregular Lagrangian. There is a bijective correspondence 

k 

between the set of maps rj : R ^© E such that rj is an integral section of a solution £l of 

k 

the geometric Euler- Lagrange equations {^-26^ and the set of maps ip : R fe E* which 
are integral sections of some solution of the geometric Hamilton equations OT^Sl). 



(Proof) 

The proof is similar to the standard case, see [46J. An outline of the proof is the 
following: 

Let £ L = :© E -> (7 E )l(® E) be a solution of the geometric Euler- 

Lagrange equations on Lie algebroids (14.261) . then = (Chj ■ ■ ■ where each 

is a solution of (I4.38p . 

Moreover, if rj : R fc ^© E is an integral section of £l — (£i> • • • then 

£eg o 77 : R k ^© E* 
is an integral section of = • • • ,Ch) being 

^ = 7 E £tQotfo(£tg)- 1 . 



The converse is proved in a similar way. 
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Remark 4.34. If we rewrite the results of this subsection in the particular case k = 1 we 
obtain the equivalence between the Lagrangian an Hamiltonian Autonomous Mechanics 
on Lie algebroids, see for instance [8]. 

When E = TQ and ptq = id T Q, we obtain the equivalence between the Lagrangian 
and Hamiltonian formulation in the standard /c-symplectic framework, see [IB] o 



5. Examples 

Harmonic mappings. ( [HI El [44, 48J) Here, we consider harmonic mappings <fi : R 2 — ► G 
with values in an arbitrary Lie group G with bi-invariant metric (•,•). In the continuous 
case (see [44]), the harmonic mapping Lagrangian is given by 

(5-1) L(<f>, 4> x , 4> y ) = -<0~V*> 0~Va>) + 2^~Vi/> 0~Vy) > 

where (■, ■) is the Killing form on q and <f> x , 4> y denotes the partial derivatives of (ft respect 
to the local coordinates (x, y) of R 2 . The associated field equations are r(</>) = where 
t{4>) is the tension of 4>, defined as 

W -rt„£ + ,WV i = l dhnG. 



where Iiab are the components of a metric on M 2 , with Christoffel symbols and C* fc 
are the Christoffel symbols of the bi-invariant metric on G. In our case, Hab is of course 
just the flat Euclidian metric. 

We will only treat the case of the harmonic maps that take values in G = 50(3), 
embedded in fll(3), in which case the Killing form (■, ■) is just the trace 

(€,V) = -trace(£rj) . 

Let us observe that in this case, the Lagrangian (15. lft is represented as a function 
L : TSO{3) © TSO(3) -> R defined on T^(SO(3)). 

Taking into account that T^SOfi)) = SO (3) x so (3) x so (3), we make the identifications 

T^{SO{3))/SO{3) = so(3) x so(3) 
and we consider the projection I of L to so (3) x so (3) given by 

KZu 6) = -2 trace ^i) - 2* race ^2 2 ) > 6, 6 e so(3) . 

Let {Ei, E 2 , E 3 } be a basis of so(3), then & = y^E a , i — 1,2 and thus, Z is locally given 

by 

^>i/ 2 a )-E((!/r) 2 +W. 

Since a Lie algebra is a example of a Lie algebroid we can apply the theory developed 
in Section I4~T1 and thus the Euler-Lagrange (14.281) equations are given, in this case, by 

dy? dy$ _ 

* a * a (a = 1,2,3; A = 1,2) 

dyl 9y% , na * 



dt B dt A + L ^ VbVa ~ U 
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Poisson sigma model. Consider a Poisson manifold (Q,A). Then the cotangent bundle 
T*Q has a Lie algebroid structure, where the anchor is 

p. T *Q _> TQ 

(3 » A(/3,-) 

and the bracket is 

[a, /3] = ip( a )d/3 — i p ^)da — dA(a, (3) . 

In local coordinates, the bivector A has the local expression 

a 1 a ii -9 . d 
A = -A iJ — A — . 
2 ag* dq J 

We can consider the Lagrangian for the sigma Poisson model as a function defined on 
T*Q © T*Q. Thus if {q\p[,p\) denotes the local coordinates on T*Q © T*Q, the local 
expression of the Lagrangian is (see [32] ) 

1 • « jj 



2 



A long but straightforward calculation shows that the Euler-Lagrange equation (14.281) 
are in this case 



2 

dq l 

dt 1 
dpt 

dt 1 



dpi dp] dA kl 1 2 
dt 2 + dqi PkPi 



dt 1 



+ A ij pf 



= 0, 
8A kl 



dp] 

W + ~dq 



PkPi 







In view of the morphism condition, we see that the first equation vanishes. Thus the field 
equations are just 

dq l 



dt A 
dpj 

dt 1 



+ AV 







dp} dA kl , 2 
dt* + d? PkPl 







where a solution is a field 



Consider the 1-forms on K 
equations can be written as 



R 2 -> T*g © T*Q, locally given by 

0(t) = (g l (t), R 1 (t), P 2 (t)). 

given by P,- = p^cft 1 + p^dt 2 (j = 1, 



,n), then the above 



dp. + 2A^p fe AP L = 







2""' J 



that is the conventional form of the field equations for the Poisson-sigma model 

Remark 5.1. Poisson sigma models were originally introduced by Schaller, Strobl, 
and Ikeda [IE] so as to unify several two-dimensional models of gravity and to cast them 
into a common form with Yang-Mills theories. o 
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Systems with symmetry. We consider a principal bundle n : Q — > Q = Q/G. Let 
A : TQ — > g be fixed principal connection with curvature B : TQ © TQ — > g. The 
connection A determines an isomorphism between the vector bundles TQ/G — > Q and 
TQ © g — > Q where g = (Q x g)/G is the adjoint bundle (see [7j): 

[v q ]^T q -K(v q )®[(q,A(vg))] 

where Vq G TgQ. The connection permits us to obtain a local basis of sections of 
Sec(TQ/G) = %{Q) © Sec(g) as follows. Let e be the identity element of the Lie group G 
and assume that there are local coordinates (q l ), 1 < % < dimQ and that {£ a } is a basis 
of g. The corresponding sections of the adjoint bundle are the left invariant vector fields 

So 

e a {g) = T t L g (U) 

where L g : G — > G is the left translation by g G G. If 

then corresponding horizontal lift on the trivialization U x G are the vector fields 

lX = — -A a £ L 
d(t) dq i ^ a 

The set 





are by construction G-invariant and therefore, they constitute a local basis of sections 
{e,, e a } of Sec(TQ/G) = X(Q)ffiSec(g). Denote by (q\ y\ y a ) the induced local coordinates 
of TQ/G. If Q c ab are the structure constants of the Lie algebra 



B{ dq\ q ^dqi {q J ^ 



where 

dA c dA c , 

r>c i pc ACL AO 

then the structure functions of the Lie algebroid TQ/G — ► Q are determined by the 
following relations (see [19| ) : 

h; e ilrQ/G = ~ B ij e c 

[e > e b\TQ/G — ^ab e c 
f , - 9 

Ptq/gK^) - -Q- 

PTQ/G^a) = 0. 
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k 

Now, consider a Lagrangian function L :© TQ/G — > R then the Euler-lagrange field 



equations are: 



d 


( dL 




K 9 Va 


d 


f dL 


di* 


Kdy a A 



dL nr a dL nc , dL 







dq i 13 c dy c c ab lUO dy c c 
dy\ dy B 



dt B dt A 

= ^-^-B^yW A + e: b A^ B yl + e:M a B 



In the case when Q is a single point, that is Q = G then TQ/G = g and then the 

k 

Lagrangian is defined as a function L :© g — ► K and then the previous equations are 
reduced now to 

d ( dL\ c b dL 

' C abUc' 



dt A \dy a A ) ab ^dy c c 



) a/ ^yc 



_ dy\_dy% p C h a 

u " dp dt A + L a b y A y B 



which are a local expression of Euler-Poincare equations, see for instance [6] and |32j . 
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